Relative Zariski Open Objects by Marty, Florian
ar
X
iv
:0
71
2.
36
76
v3
  [
ma
th.
AG
]  
12
 M
ay
 20
09
Relative Zariski Open Objets
Florian Marty
fmartymath.ups-tlse.fr
Université Toulouse III - Laboratoire Emile Piard
Abstrat
In [TV℄, Bertrand Toën and Mihel Vaquié dene a sheme theory for a losed monoidal ategory (C,⊗, 1). One of the key
ingredients of this theory is the denition of a Zariski topology on the ategory of ommutative monoids in C. The purpose
of this artile is to prove that under some hypotheses, Zariski open subobjets of ane shemes an be lassied almost as in
the usual ase of rings (Z −mod,⊗, Z). The main result states that for any ommutative monoid A, the loale of Zariski open
subobjets of the ane sheme Spec(A) is assoiated to a topologial spae whose points are prime ideals of A and open subsets
are dened by the same formula as in rings. As a onsequene, we ompare the notions of sheme over F1 of [D℄ and [TV℄.
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1
Introdution
In [TV℄, Bertrand Toën and Mihel Vaquie dene a sheme theory for a losed monoidal ategory (C,⊗, 1). This theory
reovers the lassial notion of sheme when (C,⊗, 1) = (Z−mod,⊗,Z). One of its key ingredients is the denition of
a Zariski topology on the ategory of ommutative monoids of C. This topology is used to glue ane shemes, whih
by denition are ommutative monoids in C, in order to obtain the general notion of sheme over C. The aim of this
artile is to study in more detail this Zariski topology.
The denition of Zariski open objet of [TV℄ diers from the usual denition that ould not be generalized to a
relative ontext. In fat, a theorem in SGA asserts that the usual notion of Zariski open is equivalent to the notion of
nitely presented at epimorphism whih are well dened in the relative ontext.
The usual notions of image, generators, ideal, prime ideal or loalization of a monoid have generalisations to this
relative setting. For instane, for a monoid A, the loalization by an element f of its underlying set A0 := HomC(1, A),
denoted by Af , makes sense. Furthermore, they are the rst examples of relative Zariski open objets and they play
a fundamental role in the main theorems:
Theorem 1. 3.7 Let A be a ommutative monoid. Zariski open objets (Af )f∈A0:=HomC(1,A) form a basis of open
objets of the Zariski topology of Spec(A).
Theorem 2. 3.13 Let A be a ommutative monoid. The poset of Zariski open subobjets of X := Spec(A) is the loale
assoiated to the topologial spae Ouv(X) whose points are prime ideals of A and losed sets are given, for an ideal
q of A, by V (q) := {p st q ⊂ p}.
These theorems are well known for C = Z−mod. In a relative ontext, we prove that there is a generalisation of
the sober topologial spae assoiated to a ring. For a ommutative monoid A in C this onstrution is not natural.
The theory of enrihed sheaves of Boreux and Quinteiro plays a fundamental rle here. In partiular, the notion of
enrihed Grothendiek topology will provide us with a notion of lter of ideals. Suh lters will be alled Gabriel
lters. We will prove that a Zariski open subobjet has an assoiated Gabriel lter whih is more regular in the sense
that it is assoiated to one ideal. These Gabriel lters are alled loally primitive Gabriel lters. For a ommutative
monoid A, we prove that there is a ontravarient equivalene of poset between the poset of loally primitive Gabriel
lters of A and the poset of Zariski open subobjets of Spec(A). We onlude by proving that these Gabriel lters are
haraterized by their subsets of prime ideals.
Finally, we use these results in the relative ontext C = (Ens,×,F1) to ompare the notions of F1 − scheme of [TV℄
and [D℄ and to prove that the topologial spaes assoiated are homeomorphi.
Aknowledgements: I wish to thank Bertrand Toen for his helpfull omments and suggestions on this work. I also
thank Joseph Tapia for the learness of his omments on ategory theory and Mihel Vaquie for a usefull feedbak on
this work, in partiular on a (neesarilly viious) nitude problem.
Preliminaries
All along this work (C,⊗, 1) is a losed symmetri monoidal ategory whih is omplete, oomplete, loally nitely
presentable, regular in the sense of Barr and has a ompat(ie nitely presented) unit. Reall that C is regular in the
sense of Barr if the pullbak of a regular epimorphism (i.e. a okernel) is also a regular epimorphism and C is loally
nitely presentable if the Yoneda funtor i : C → pr(C0) is fully-faithfull, where C0 is the full subategory of nitely
presented objets. We assume futhermore that C0 is stable under tensor produts and that HomC(1,−) preserves
regular epimorphisms (we say that C respets images). A ategory C verifying these hypothese will be alled a relative
ontext.
The funtor i has a left adjoint K dened, for F ∈ Pr(C0) by K(F ) := Colim(k,f)∈CF0 k where CF0 is the ategory
whose objets are ouples (k, f), k ∈ C0, f ∈ F (k) and morphisms from (k, f) to (k′, f ′) are morphisms h : k → k′
suh that f ′ ◦ h = f .
The hypotheses have three rst important onsequenes. The funtor i reets epimorphisms, ltered olimits
are exat in C and the olletion of subobjets of a given objet X , ie of isomorphism lasses of ouple (Y, j) where
Y
j // X , j is a monomorphism, is a set.
The funtors HomC(1,−), denoted (−)0 : X → X0 and HomC(k,−), denoted (−)k : X → Xk, k in C0 from C to
Set will be alled respetively underlying set funtor and weak underlying set funtor. For X ∈ C, the objet X0 is
the underlaying set of X . If there is no onfusion, we may forget the word weak for the other funtors. An element
of X is an element of one of its weak underlying sets Xk or of X0. If f is suh an element, we will write f ∈ X .
A relative ontext is alled strong when the funtor (−)0 reets isomorphisms i.e. when the unit 1 is generating.
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For X,Y ∈ C, let rX , lX , s(X,Y ) and aX,Y,Z denote respetively the natural isomorphisms X⊗1→ X , 1⊗X → X ,
X ⊗ Y → Y ⊗ X , and (X ⊗ Y ) ⊗ Z → X ⊗ (Y ⊗ Y ). The Ma Lane oherene theorem (f [ML℄) asserts that
any monoidal ategory is equivalent to one in whih morphisms r, l and a are identities, so they an be onsidered as
identities in all demonstrations onerning properties of C that are stable under monoidal equivalenes.
In suh a ategory, there exists a notion of ommutative monoid and for a given ommutative monoid A, of A-
module (see [ML℄ or [TV℄). For a ommutative monoid A and an A-module M , let mA, iA, µM denote respetively
the multipliation A ⊗ A → A, the unit morphism 1 → A and the multipliation M ⊗ A → M . It is known that
the ategories of modules over a monoid B are also symmetri monoidale ategories. The notations for strutural
morphisms will then be used as well for the ategory C as for any ategory B − mod. Comm(C) will refer to the
ategory of ommutative monoids in C and for A ∈ Comm(C), A−mod will refer to the ategory of A-modules.
In fat, all the hypotheses on our basis ategory will be true in any of its sub-ategories of modules. Let A be a
ommutative monoid in C. The ategory A−mod is a relative ontext. Let us give some details on this fat. It's well
known that A−mod is losed, omplete and oomplete. Moreover, as the forgetfull funtor A−mod→ C ommutes
with small limits and olimits, the regularity in the sense of Barr, the ompatness of the unit A and the fat that
A −mod respets images are easy to prove in A −mod. The most diult is to prove that the full sub-ategory of
nitely presentable objets of A−mod, denoted A−mod0 is a generating subategory. It an be proved for example
using Ind-objets.
In a relative ontext, the ategory of ommutative monoids has also some interresting properties. In partiular,
it an be proved that it is loally nitely presentable. As the ategories of modules are also relative ontexts, these
properties are true in any ategory of algebras in C. Reall that, for the monoid A, the ategories of algebras over
A, denoted A − alg is Comm(A −mod). It is also equivalent to A/Comm(C). The ategory of nitely presentable
objets in A−mod will be denoted A−mod0.
Let us now reall some well known properties of monoidal ategories. A pushout in A− alg is a tensor produt in
the sense that for ommutative monoids B,C ∈ A− alg, B ⊗A C ⋍ B
∐
A C. There are two adjuntions:
C
(−⊗A)//
A−mod
i
oo C
L //
Comm(C)
i
oo
where the forgetfull funtor i is a right adjoint and the free assoiated monoid funtor L is dened by L(X) :=∐
n∈NX
⊗n/Sn (Sn refers to the symmetri group). In these adjuntions, C an be replaed by B − mod for B ∈
Comm(C). Let ϕ (resp ϕB) and ψ (resp ψB) denote these adjuntions for the ategory C (resp B −mod). For X ∈ C
and M ∈ A−mod, ϕ : HomC(X,M)→ HomA−mod(X ⊗A,M) is easy to desribe :
ϕ : f → µM ◦ IdA ⊗ f
ϕ−1 : g → g ◦ (IdX ⊗ iA) ◦ r−1X
1 Algebrai Strutures
1.1 Images and Generators
We give and desribe now two fundamental notions in a relative ontext C. These notions will be partiularly important
in the relative ontexts A−mod for a ommutative monoid A.
Images
Denition 1.1. Let u : X → Y be a morphism in C.
⊲ Let CY denote the full sub-ategory of C/Y onsisting of objets Z suh that the morphism Z → Y is a
monomorphism. A subobjet of Y is an isomorphism lass of objets in CY . The ategory of subobjets of Y
will be denoted sub(Y ).
⊲ A subobjet Z of Y ontains the image of u if u fators throught the inlusion Z →֒ Y . We denote by
subuY the ategory whose objets are subobjets of Y ontaining the image of u and whose morphisms are
monomorphisms.
⊲ The image of u, denoted Im(u) is
Im(u) := LimsubuY Z.
⊲ Let |u| denote the objet |u| := Coker( X ×Y X // // X ).
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The existene of the limit is due to the smallness of the ategory subuY .
Lemma 1.2. Let u : X → Y be a morphism in C.
⋄ If u is a monomorphism, there is an isomorphism X ⋍ Im(u).
⋄ Let v : Y → Z be in C. There is an isomorphism Im(v ◦ u) ⋍ Im(v ◦ u′) where u′ is the monomorphism
u′ : Im(u)→ Y .
⋄ There is an isomorphism Im(u) ⋍ |u|.
Proof
- The isomorphism lass assoiated to the objet X is initial in subuY .
- This isomorphism omes from the equality v ◦ u = v ◦ u′ ◦ u′′ where u′′ is the morphism u′′ : X → Im(u). And
by the universal property of the image, Im(v ◦ u′ ◦ u′′) = Im(v ◦ u′).
- There is a unique natural morphism from |u| to any subobjet of Y ontaining the image of u and thus from
|u| to Im(u). We need then to prove that |u| is a subobjet of Y to ahieve the proof. Let us prove rst that
X ×Y |u| ⋍ X . As a relative ontext is regular in the sense of Barr,
|u| ×Y X ⋍ Coker( X ×Y X ×Y X //// X ×Y X ) ⋍ |p|
where the natural morphism p : X ×Y X → X is split by a morphism s, i.e. p ◦ s = Id. Let r, q and t denote
respetively the morphism X×Y X → |p|, the morphism |p| → X and the morphism r ◦ s. More preisely, there
is a diagram
X ×Y X r //
p
##H
HH
HH
HH
HH
|p|
q
~~ ~
~~
~~
~
X
s
ccHHHHHHHHH
t
>>~~~~~~~
in whih q ◦ t = q ◦ r ◦ s = p ◦ s = Id. Reiproally, let us prove that t ◦ q = Id. As r is an epimorphism,
it is enought to prove t ◦ q ◦ r = r. As t ◦ q ◦ r = r ◦ s ◦ q ◦ r and q ◦ r = p (by onstrution of q), then
t ◦ q ◦ r = r ◦ s ◦ p = r.
Finally
|u| ×Y |u| ⋍ Coker( X ×Y X ×Y |u| //// X ×Y |u| ) ⋍ |u|
thus |u| represents a subobjet of Y .

Corollary 1.3. Let u : X → Y be a morphism in C. The morphism u0 : X0 → Y0 is surjetive.
Proof
As C respets images, the funtor (−)0 ommutes with regular epimorphim and thus send them to epimorphisms in
the ategory of sets, i.e. to surjetive morphisms.

Lemma 1.4. Let u : A → B be a morphism in Comm(C). Its image in C is isomorphi (in C) to its image in
Comm(C).
Proof
Let Im(u) be its image in C. We provide it with a struture of ommutative monoid. Let u′ denote the morphism
A → Im(u). The unit morphism of Im(u) is u′ ◦ iA. Let us now dene a multipliation morphism. Reall that the
forgetfull funtor from A−mod to C ommutes with small olimits. Thus Im(u) has a natural struture of A-module.
As C is losed, funtors X ⊗−, X ∈ C ommute with small olimits and preserve epimorphisms. Thus
Im(u)⊗ Im(u) ⋍ Coker( A×B A⊗ Im(u) //// A⊗ Im(u) )
Im(u)⊗A ⋍ Coker( A×B A⊗ A // // A⊗A )
Moreover, the morphism Id⊗u′ : A×BA⊗A→ A×BA⊗ Im(u) is an epimorphism. There is a ommutative diagram
4
A×B A⊗A ////
Id⊗u′

A⊗A
IdA⊗u′

A×B A⊗ Im(u) // // A⊗ Im(u)µIm(u) // Im(u)
where IdA ⊗ u′ equalizes the two top morphisms. Thus µIm(u) equalizes the two morphisms from A ×B A ⊗ A to
A× Im(u) and as Id⊗u′ is an epimorphism, µIm(u) equalizes the two morphisms of the oker Im(u)⊗ Im(u). Finally
µIm(u) has a lift mIm(u) : Im(u) ⊗ Im(u) → Im(u). The ommutativity of the struture diagrams of this monoid is
lear.

Generators
Denition 1.5. Let X be in C and F = (fi)i∈I be a family of elements of X . Let subFX denote the full subategory
of sub(X) whose objets are subobjets Y of X ontaining the family F . The objet generated by F is
XF := LimsubFXY
Denition 1.6. Let X be in C and F = (fi)i∈I be a family of elements of X . The presheaf assoiated to F , denoted
F ′, is dened by
F ′ : k → F (k) := {f ∈ Xk st ∃ h : k → k′ and g ∈ F ∩ Ck′ st f = g ◦ h}
It is a presheaf by onstrution. Moreover, the family
∐
k F
′(k), still denoted F ′, generates the same objet, i.e.
XF ′ ⋍ XF .
Lemma 1.7. Let X be in C, F = (fi)i∈I be a family of elements of X and F ′ be its assoiated presheaf. Then the
objet XF is isomorphi in C to the image of the natural morphism
p : K(F ′) := Colim
CF
′
0
k → X
where K is the left adjoint of the Yoneda funtor i : C→ Pr(C0).
Proof
Considering the adjuntion between K and i, the ategory subpX is learly isomorphi to subFX .

Let us now give the properties of an objet generated by a family.
Lemma 1.8. Let X be in C and F be a family of elements of X.
i. If Y, Y ′ are two objets of sub(X) generated by F , they are isomorphi.
ii. If (−)0 reet isomorphisms, X0 is a generating family of X.
iii. Let u : X → Y be in C. The family u∗(F ) generate Im(u).
iv. The family F generates X if and only if it is an epimorphi family of morphisms.
v. A morphism is an epimorphism if and only if it preserves generating families.
vi. Let G be the diagram of nite subsets of F whose morphisms are inlusions. There is an isomorphism XF ⋍
ColimG∈GXG.
vii. If X is generated by F and nitely presented in C (HomC(X,−) ommute with ltered olimits), it is generated
by a nite family inluded in F .
viii. Let A,B be in C. The family i(A)× i(B) generates A⊗B.
ix. Let u : A→ B and C be in C. The image of u⊗ IdC is generated by i(Im(u))⊗ i(C).
Proof
i. Clear
ii. Let us assume that (−)0 reet isomorphisms. Let Y be the subobjet ofX generated by the family of morphisms
inluded in X0. There is an isomorphism X0 ⋍ Y0, thus X ⋍ Y .
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iii. The elements of u∗(F ) are learly elements of Im(u). Let Im(u)F be the objet generated by u∗(F ). The natural
morphism F → Im(u)F lifts to a morphism X → Im(u)F whih fators u. Thus there is a monomorphism
Im(u)→ Im(u)F . As i : C→ Pr(C) is fully faithfull, there is an isomorphism Im(u) ⋍ Im(u)F .
iv. A generating family is learly epimorphi. Reiproally, if F is epimorphi, let F ′ be its assoiated presheaf.
There is an isomorphism for all Y ∈ C, HomC(X,Y ) ⋍ HomC(K(F ′), Y ). Thus, by Yoneda, X ⋍ K(F ′) ⋍ XF .
v. Clear, epimorphisms preserves epimorphi families by omposition.
vi. We prove rst that ColimG∈GXG is a subobjet of X . The Yoneda funtor i : C → Pr(C0) ommutes with
ltered olimits thus we ompute this olimit levelwise in Pr(C0). More preisely, there are isomorphisms
colimG∈G(XG)k ⋍ ColimG∈G((XG)k). For all k ∈ C0, the sets (XG)k are subsets of Xk, therefore their ltered
olimit is a subset of Xk. This implies that ColimG∈GXG is a subobjet of X in C. Finally, any element of i(X)
belongs to a i(XG) hene to their olimit and X ⋍ ColimG∈GXG.
vii. The objetX is nitely presentable and isomorphi to ColimG∈GXG thus there exists a nite set G suh that this
isomorphism fators throught XJ . The morphism XJ → X is then a monomorphism and a split epimorphism
hene an isomorphism.
viii. We write A⊗B ⋍ K(i(A))⊗K(i(B)), thus
A⊗ B ⋍ colim
(k,f),(k′,f ′)∈Ci(A)0 ×C
i(B)
0
k ⊗ k′ ⋍ K(F )
where F := i(A)× i(B).
ix. The morphism u⊗ IdC fators through Im(u)⊗ C → B ⊗ C and Im(u)⊗ C is generated by i(Im(u))× i(C).
The morphism i(A)× i(C)→ i(Im(u))× i(C) is surjetive thus the image of u⊗ IdC is isomorphi to the image
of Im(u)⊗ C → B ⊗ C whih is generated by i(Im(u))× i(C).

1.2 Ideals and Multipliations
Ideals
Denition 1.9. Let A be a ommutative monoid and M be an A-module. A sub-A-module of M is a subobjet of
M in the ategory A−mod. An ideal of A is a sub-A-module of A.
In the rest of the paper, for any ideal q, an element of the isomorphism lass will be hosen and also alled q. The
orresponding monomorphism will be denoted jq : q → A.
Lemma 1.10. Let A be in Comm(C), M be an A-module and q be an ideal of A.
⋄ The objet A0 is a monoïd in (Set,×, ∗), the objet M0 is a A0-module in (Set,×, ∗).
⋄ The objet q0 is a subset of A0.
⋄ The morphism ϕ denes an isomorphism of monoïds in (Set,×, ∗), A0 ⋍ EndA−mod(A).
⋄ If there exists f ∈ q0 whih is invertible in A0, then q ⋍ A.
Proof
The proof of the three rst items is lear. Let us prove the fourth. The morphism ϕ(f) is an automorphism of A in
A −mod whih fators through jq. The morphism jq is thus both a monomorphism and a split epimorphism, hene
an isomorphism.
Denition 1.11. Let A
u // B be a morphism of ommutative monoids and q be an ideal of A. The image of the
ideal q in B, denoted qB, is the image of the morphism q ⊗A B → B in B −mod.
Lemma 1.12. Let A
u // B be a at morphism of Comm(C) (ie − ⊗A B is exat, f [TV℄), and q be an ideal of
A. Then q ⊗A B ⋍ qB.
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Multipliations
Denition 1.13. Let A be in Comm(C), f be an element of A and M an A-module. The multipliation by f in M ,
denoted τf is dened by the following ommutative diagram
M ⊗A A⊗ k
IdM⊗f //
rM⊗Idk

M ⊗A A
rM

M ⊗ k τf // M
In partiular, when M = A, τf = ϕ(f) where ϕ is the adjuntion morphism dened in the preliminaries.
Lemma 1.14. Let A be in Comm(C), M,N be two A-modules and u be in HomC(M,N). The morphism u is in
A −mod if and inly if it ommutes with morphisms τf for any element f of a generating subset of A, i.e. veries
τf ◦ (u⊗ Idk) = u ◦ τf .
Proof
It is easy to hek, onsidering the fats that generating families of element are epimorphi families, and funtors
Z ⊗−, Z ∈ C preserve epimorphisms.

Lemma 1.15. Let A be in Comm(C), q be an ideal of A. An element f of A is an element of q if and only if ϕ(f)
fators through jq.
Proof
It omes from ϕ(jq ◦ f) = jq ◦ ϕ(f).

1.3 Loalizations
Denition 1.16. Let A be in Comm(C) and S be a multipliative part of A0. A loalization of A along S is a ouple
(S−1A,wS), where wS : A→ S−1A ∈ Comm(C), satisfying the following properties:
i. The image of the elements of S are invertible, ie (wS)0(S) ⊂ (S−1A)∗0.
ii. Any morphism verifying i fators through wS . More preisely, ∀ A u // B ∈ Comm(C), if u0(S) ⊂ B∗0 then
∃! v suh that the following diagram ommutes:
A
u //
wS ""E
EE
EE
EE
E B
S−1A
v
<<yyyyyyyy
If S =< {f} > is the multipliative part generated by one element f , Af will refer to S−1A and w to wS .
Remark 1.17. • Lemma 1.19 and proposition 1.18 prove the existene of S−1A.
• The morphism A→ S−1A is an epimorphism by onstrution.
• It is well known that a morphism of monoids is an epimorphism if and only if the orresponding forgetfull funtors
on the ategories of modules is fully faithfull. In partiular, the ategory S−1A −mod is a full subategory of
A−mod.
Proposition 1.18. Let A be a ommutative monoid and f be in A0. Let j1 and j0 denote respetively the inlusion
morphisms of A = A⊗A1/S1 and A = A⊗A0/S0 in LA(A) =
∐
n∈NA
⊗An/Sn and dene δ as j1 ◦mA ◦ Id ⊗ f ◦ r−1A .
Then:
Af ⋍ coker( LA(A)
ψA(δ) //
ψA(j0)
// LA(A) ).
The olimit is taken in Comm(C).
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Proof :
Let us prove rst that this olimit satises ii in denition 1.16.
Let A
u // B be in Comm(C) suh that g := u0(f) = u ◦ f is invertible in B0. Let g−1 denote its inverse. Thus
mb ◦ (g⊗g−1)⊗ r−11 = iB. Consider the morphism LA(A)→ B in A−alg adjoint to β = mb ◦ (u⊗g−1)◦ r−1A : A→ B.
Then ψA(β)◦j0 is the unit morphism of B in A−alg, ie u and ψA(β)◦j1 = β. Thus ψA(β)◦δ = β ◦mA◦(Id⊗f)◦r−1A .
Moreover the following diagram is ommutative:
A
r−1
A

ψA(β)◦δ
$$
A⊗ 1 IdA⊗r
−1
1//
IdA⊗f

A⊗ 1⊗ 1
IdA⊗f⊗Id1

b
A⊗A IdA⊗r
−1
A//
mA

A⊗A⊗ 1
mA⊗Id1

B ⊗B
mB
OO
A
r−1
A // A⊗ 1
IdA
// A⊗ 1
u⊗g−1
OO
Then using ompatibility between ⊗ and ◦, ommutative monoid morphism's struture of u and assoiativity of
multipliation, the omputation of β ◦mA ◦ (Id⊗f)◦ r−1A gives u. Thus ψA(β)◦ δ = ψA(β)◦ j0, hene ψA(β)◦ψA(δ) =
ψA(β) ◦ ψA(j0). Finally, by the universal property of olimit, there exists a unique morphism from this olimit to B.
Let us prove now that the olimit satises i in denition 1.16. We denote now this olimit by Af , and the morphism
A→ Af by ω. There exists a morphism p¯ from LA(A) to Af suh that p¯ ◦ δ = ω. Let p : A→ Af denote the adjoint
of p¯. Then p◦mA ◦ (Id⊗ f)◦ r−1A = p. Moreover, onsidering the identity mAf ◦ (ω⊗ (p◦ iA))◦ r−1A = p, it is lear that
the morphism p plays the same role as β, and p ◦ iA will play the role of g−1. Thus, an analogous omputation gives :
ω ◦ iA = p ◦mA ◦ (Id⊗ f) ◦ r−1A ◦ iA = mAf ◦ ((ω ◦ f)⊗ p ◦ iA)⊗ r−11 .
Thus the produt of ω ◦ f and p ◦ iA is the unit element of (Af )0.
Lemma 1.19. A ategory, still denoted S, is assoiated to S. Its elements are elements of S and for two elements
f, g of S, the morphisms from f to g are the elements h of S verifying f ∗ h = g. There is an isomorphism S−1A ⋍
ColimSAf . Furthermore, as S is multipliative, this olimit is ltered.
Proof
By the universal property of objets S−1A and Af .

Proposition 1.20. Let A be a ommutative monoid and f be in A0.
The objet B := colim( A
ϕ(f) // A
ϕ(f) // A
ϕ(f) // ... ) an be provided with a monoid struture and is isomorphi in
A− alg to Af .
Proof:
Let B denote this olimit. First, B an be provided with a monoid struture. The unit morphism 1 → B is indued
by the morphism from 1 to the rst term A in the olimit. Let N+1 denote the ategory whose objets are positive
integers and whose morphisms are ouples (i, i+ 1). Let F denote the funtor from N+1 to A−mod whih sends any
integer to A and any morphim to ϕf . Then, learly, B ⊗A B ⋍ Colim(F ⊗A F ) ⋍ ColimF ⋍ B. This isomorphism
denes the multipliation morphism of B. One an hek easily that these morphisms provide B with a struture of
monoid in C.
Next step is to prove that g := iB ◦ f is invertible in HomA−mod(A,B) ⋍ B0. There exists a morphism from the
seond term A in the olimit to B, denoted arbitrarily g−1. It veries g−1◦ϕ(f) = iB. As ϕ(f) = mA◦(IdA⊗Af)◦r−1A ,
we get
iB = g
−1 ◦ ϕ(f) = g−1 ◦mA ◦ (IdA ⊗A f) ◦ r−1A
and by A-linearity of g−1:
= µB ◦ (g−1 ⊗A IdA) ◦ (IdA ⊗A f) ◦ r−1A
where µB = mB ◦ (IdB ⊗A iB).
Thus
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= µB ◦ (g−1 ⊗A f) ◦ r−1A
so
mB ◦ (g−1 ⊗A g) ◦ r−1A .
Last but not least, let us prove that B satises property ii of the denition of Af . Let v denote the unit morphism of
B in A − alg. Let h : A → C be a morphism in Comm(C) suh that g := h0(f) is invertible in C0. Let g−1 denotes
the inverse of g := h ◦ f in C0. Then the following diagram ommutes:
A
r−1
A // A⊗ 1 h⊗g
−1
// C ⊗ C mC // C
A
ϕ(f)
OO
h
33ggggggggggggggggggggggggggggg
Indeed mC ◦(h⊗g−1)◦r−1A is just ϕ(g−1) and h◦ϕ(f) is ϕ(g). So this diagram gives their produt in HomA−mod(A,C)
whih is the unit morphism of C in A − alg, h. Using the same method with inverses g⊗−n of g⊗n, we ontrut a
family of morphisms from A to C whih makes the diagram of the olimit B ommutes. Thus there is an indued
morphism in A−mod, s : B → C suh that s ◦ v = h.
The morphism s is in fat a morphism of A− alg. Indeed, the ommutativity of the diagram:
B
s // C
B ⊗A B
mB
OO
s⊗As
// C ⊗A C
mC
OO
is equivalent, by the universal property of olimit, to the ommutativity, for eah n, of the diagram:
B
s // C
B ⊗A A
µB◦(ϕ(f)n⊗AIdA)
OO
s⊗Aφ(g−n)
// C ⊗A C
mC
OO
B
r−1
B
;;wwwwwwwww
;;
τ
g−n
99
whih is lear.
Corollary 1.21. Let q be an A−module, f be in A0, and S be a multipliative part of A0, then
i. qf := q ⊗A Af ⋍ colim( q
τ(f) // ... ).
ii. q ⊗A S−1A ⋍ colimSqf .
Proof
It is implied by lemma 1.19, proposition 1.20 and the fat that q ⊗A − ommutes with olimits.
Corollary 1.22. Let S be a multipliative part of A0. The ategory S
−1A−mod of modules over S−1A is exatly the
subategory of A−mod of modules M suh that for any element f of S, τf is an invertible endomorphism of M .
Proof:
Clearly, if q is in S−1A−mod, it veries the property. Let q be an A-module veriying the property. Then, by previous
orollary qf ⋍ q ∀f ∈ S hene q ⊗A S−1A ⋍ q and thus q is in S−1A−mod.
The loalizations of A are important beause they are the basi examples of Zariski open subobjets of Spec(A).
Thus, next step is to prove it.
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1.4 Zariski open objets
Denition 1.23. (f [TV℄)
i. A morphism A → B in Comm(C) is C-at if the funtor − ⊗A B ommutes with nite enrihed limits (f
denition 4.2 in appendix).
ii. A morphism A→ B in Comm(C) is nitely presented if B is nitely presented in A− alg.
iii. A morphism A → B in Comm(C) is a formal Zariski open morphism if it is both a C-at morphism and an
epimorphism.
iv. A morphism A → B in Comm(C) is a Zariski open morphism i it is a nitely presented formal Zariski open
morphism. In this ase, Spec(B) will be alled a Zariski open subobjet of Spec(A).
Remark 1.24. This denition is not exatly the denition of [TV℄. Indeed, C-at means that the funtor is not only
exat but also ommutes with nitely presented exponentiation (see proposition 4.3 in the appendix). This more
preise denition is neessary to prove the theorem and is also a generalisation of usual ases. This hypothesis is also
neessary to reover the notion of dierential sheme (no omparison had been writen for the moment.). In fats,
there is an equivalene between at and C-at if nitely presented objets in A−mod are quotients of free objets of
nite type. In this ase, exponential objets depend only on nite limits. One example is the ase of abelian groups
(Z −mod,⊗, Z) in whih for any ring A and nitely presented A-module M , there exists a resolution Aq → Ap →M .
Lemma 1.25. Let A be in Comm(C).
i. If X ∈ C (resp A−mod) is nitely presented then so is LA(X) ∈ Comm(C) (resp A− alg).
ii. Finitely presented objets are stable under nite olimits.
Moreover, in A − mod, ltered olimits ommute with nite enrihed limits (Corollary 4.4 in appendix). In
partiular, loalizations are Zariski open objets. Indeed, the following orollary results:
Corollary 1.26. (of 1.18, 1.17, 1.21 and 1.25)
Let A be in Comm(C), f be in A0, and S be a multipliative part of A0, then A → S−1A is a formal Zariski open
morphism and A → Af is a Zariski open morphism, i.e. spec(S−1A) is a formal Zariski open subobjet of Spec(A)
and spec(Af ) is a Zariski open subobjet of Spec(A).
2 Gabriel Filters
2.1 Gabriel lters and Boreux-Quinteiro's theorem
The key idea of the lassiation is to indrodue the notion of Gabriel lter to make a link between Zariski open
objets and ideals. A Gabriel lter on a monoid A will be a topology of Grothendiek on the ategory BA, dened
here in an enrihed sense.
Denition 2.1. Let A be in Comm(C)
i. Let BA denote the C-ategory onsisting of one objet ∗ and an objet of morphisms HomBA(∗, ∗) := A ∈ C.
ii. Let Pr(BA) denote the C-ategory of C-presheaves i.e. of C-funtors from BA to C.
iii. The Yoneda C-funtor onsists of the C-funtor ∗ → h∗ whih is dened on objets by h∗(∗) = A and on
morphisms by the adjoint h∗ : A→ EndC(A) of mA.
In fat, any C-presheaf on BA sends ∗ to an A−module and the funtor
F : Pr(BA) → A−mod
(G : BA→ C)→ G(∗)
denes a C-equivalene from Pr(BA) to A−mod.
Denition 2.2. (f [BQ℄ for general denition) A Grothendiek's C-topology on BA onsists of a set J of ideals of A
suh that:
i. A ∈ J
ii. ∀q ∈ J , ∀k ∈ C0 and ∀f ∈ Ak, f−1(q) = (qk ×Ak A) ∈ J .
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iii. Let q, r be two ideals of A, q ∈ J . If ∀f : k → q, k ∈ C0 the ideal f−1(r) is in J , then so is r.
Where qk = Hom(k, q) and Ak = Hom(k,A) are expoential objets.
This topology will be alled a Gabriel lter. In ii the morphism from A to HomC(k,A) is the adjoint of the
morphism ϕ(f) : (A⊗ k)→ A.
Lemma 2.3. Let G be a Gabriel lter, q be an ideal in G, k be in C0 and f be in Ak. The ideal f
−1q is the sup (or
union), in the poset of ideals of A ontaining q, of the ideals p suh that the multipliation τf : p→ p fators through
q →֒ p. This family of ideals is denoted contfq.
Proof
Weak underlying set funtors ommute with limits and the following ommutative diagram proves that f−1q ∈ contfq
Ak′
τ∗f // Ak′⊗k
f−1q
?
OO
// qk′⊗k
?
OO
Moreover, if q′ is in contfq, it is easy to hek , by the universal property of f−1q, that q′ →֒ f−1q.

Denition 2.4. A loalization of A−mod onsists of a full reexive (saturated) sub-C-ategory of A−mod suh that
the left adjoint of the inlusion C-funtor is left C-exat.
Theorem 2.5. (Boreux-Quinteiro)
Let A be in Comm(C), there is a bijetion between the set of Gabriel lters of A and the set of loalizations of A−mod.
The poset of Gabriel lters of A will be denoted GabA, the poset of loalizations of A−mod will be denoted LocA.
Lemma 2.6. (f [BQ℄)
⊲ Let L be a loalisation of A−mod. The Gabriel lter assoiated to L, denoted GL onsists of the set of ideals
q of A verifying for all M in L
HomA−mod(A,M) ⋍ HomA−mod(q,M)
⊲ Let G be a Gabriel lter. The loalisation assoiated to G, denoted LG, is the full sub-C-ategory of A −mod
whose objets are A-modules M verifying for all q in G
HomA−mod(A,M) ⋍ HomA−mod(q,M)
Remark 2.7. - The bijetion GabA ⋍ LocA is a ontravarient isomorphism of posets.
- The poset LocA has small intersetions. If Li is a small family of loalisations with left adjoint funtors li, its
intersetion onsists of the sub-C-ategory of A −mod whose set of objets is ∩iOb(Li) and whose left adjoint
funtor is Colim(li).
- The poset GabA has small intersetions. A Small intersetion in GabA is an intersetion in the sense of sets.
- The ontravarient isomorphism of poset GabA ⋍ LocA implies that LocA and GabA have small unions.
Proposition 2.8. Let Y := Spec(B) be a formal Zariski open subobjet of X := Spec(A) ∈ AffC. The ategory
B −mod is a loalization of A−mod. Its assoiated Gabriel lter is the set of ideals q suh that q ⊗A B ⋍ B.
Proof
The ategory B −mod is learly a loalization of A−mod. The araterization of 2.6, indues by adjuntion, for all
M ∈ B −mod, an isomorphism
HomB−mod(B,M) ⋍ HomB−mod(q ⊗A B,M).
Thus, by Yoneda q ⊗A B ⋍ B.

The objet Spec(S−1A) is a formal Zariski open subobjet of Spec(A). Thus, there is an assoiated loalization
of A−mod. The following proposition desribes its assoiated Gabriel lter.
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Proposition 2.9. Let A be a Commutative monoid, f ∈ A0 and S a multipliative part of A0.
i. The Gabriel lter Gf assoiated to Af is the set of ideals of A ontaining a power of f .
ii. The Gabriel lter GS assoiated to S
−1A is ∪f∈SGf
Proof
Let G denote the set of ideals of A ontaining a power of f . Let q be an element of G. There exists n suh that
fn ∈ q0, thus qf ontains an invertible element of Af and by 1.10 is isomorphi to Af . Therefore, G ⊂ Gf .
Reiproally, let q be in Gf , then iqf : qf ⋍ q ⊗A Af → Af is an isomorphism and the following diagram is
ommutative:
A0 // (Af )0 ⋍ (A0)f
q0
?
−◦iq
OO
// (qf )0 ⋍ (q0)−◦τf
OO
As this diagram is in Sets, ∃n ∈ N suh that f⊗n ∈ q0. Thus q ∈ G. Finally G = Gf .
For S−1A, learly ∪f∈SGf ⊂ GS and the other inlusion is obtained with an analogous ommutative diagram in Set.
2.2 Primitive Quasi-Compat and Loally Primitive Gabriel Filters
Denition 2.10. Let A be a ommutative monoid
⊲ Let q, q′ be two ideals of A. The produt q.q′ is the image of the morphism q ⊗ q′ → A.
⊲ An ideal p of A is prime if for all q, q′ suht that q.q′ ⊂ p, q ⊂ p or q′ ⊂ p.
⊲ A set G of ideal of A is ltered if for all q ⊂ q′, q ∈ G⇒ q′ ∈ G.
⊲ A set of ideals of A is ommutative if it is losed under produt of ideals.
⊲ A set of ideals G is quasi-ompat if, for any ideal q in G isomorphi to a ltered olimit colimi∈Iqi, there
exists i suh that qi is in G.
Lemma 2.11. Let A be a ommutative monoid
⋄ A ommutative Gabriel lter is a monoid in Sets.
⋄ Any Gabriel lter is ltered.
⋄ Any Gabriel lter is ommutative.
⋄ A nite union or a nite intersetion of quasi-ompat sets of ideals is quasi-ompat.
⋄ A Gabriel lter G is quasi-ompat if and only if for any ideal q in G there exists an ideal q′ ⊂ q, nitely
generated, in G.
⋄ Let A be a ommutative monoid, q, q′ be two ideals of A and F be a generating family of q. There is an
isomorphism q.q′ ⋍ ∪f∈F Im(τf ) where τf : q′ → q′.
Proof
The rst property is lear. The seond property omes from axiom ii in the denition of Gabriel lter. The third
omes from axiom iii. The fourth property is due to the fat that nite unions and intersetions of Gabriel lters are
unions and intersetions in the sense of sets.
Let us now prove the fth property. If G is a quasi-ompat Gabriel lter, any ideal q of G is the ltered olimit of
its nitely generated sub-ideals (1.8) thus there is a nitely generated sub-ideal of q in G. Reiproally, if q ⋍ colimI(qi)
is a ltered olimit in G along I and q′ is a nitely generated sub-ideal of q in G. The ideals q′ is of nite type and
the morphism from q′ to the olimit fators through an ideal qi. The morphism q → qi is learly a monomorphism,
thus qi ∈ G.
Let us prove now the sixth property. There is an isomorphism q ⋍ Im(K(F )→ q). Moreover the image of K(F )
by this morphism is a olimit hene ommutes with tensor produt. Furthermore q′ ⋍ K(i(q′) ⋍ Im(K(i(q′)) → q′))
where i is the Yoneda funtor from C to Pr(C0). By 1.8, the image of K(F )⊗ q′ → q ⊗ q′ is q ⊗ q′.
Thus
q ⊗ q′ ⋍ Im(Colim
(k,f),(k′,f ′)∈CF0 ×C
i(q′)
0
k ⊗ k′ → q ⊗ q′).
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In partiular, F × i(q′) generates q.q′. Moreover for all k ∈ C0
k ⊗ q′ ⋍ Colim
(k′,f ′)∈Ci(q′)0
k ⊗ k′.
Thus Im(τf ) is generated by {f} × i(q′). Therefore, any generator of q.q′ is inluded in an objet Im(τf ), f ∈ F and
nally ∪f∈F Im(τf ) ⋍ q.q′.

The elements of an ideal play a partiularly important role. We desribe them more preisely.
Denition 2.12. Let A be a ommutative monoid
⊲ An isomorphism between two elements f ∈ Ak, g ∈ Ak′ is an isomorphism from k to k′ equalizing the two
elements.
⊲ Let f be an element of A, the ideal generated by f is denoted (f).
Lemma 2.13. Let A be a ommutative monoid. The olletion of isomorphism lasses of elements of A is a symmetri
monoid in sets, its unit is iA. The multipliation is denoted f ⊘ g. Moreover (f ⊘ g) = (f).(g). In partiular
(f⊘n) = (f)n.
Proof
The produt given by f, g → f ⊘g := f ◦ (g⊗ Idk) provides the set of isomorphism lasses of elements with a struture
of ommutative monoid. The formula (f ⊘ g) = (f).(g) is a partiular ase of the last property proved in previous
lemma.
We will now give a more onvenient equivalent denition for these ommutative Gabriel lters, in partiular those
of nite type.
Proposition 2.14. Let A ba a ommutative monoid
⊲ A Gabriel lter of A onsists of a subset G of the set of ideals of A suh that
i. The set G is non empty.
ii. The set G is ltered.
iii. The property iii of the denition of Gabriel lter holds in G.
⊲ A Gabriel lter of nite type of A onsists of a subset of the set of ideals of A suh that:
i. The set G is non empty.
ii. The set G is ltered.
iii. The set G ommutative.
iv. The set G is of nite type.
Proof:
Any Gabriel lter is non empty and ltered. Reiproally, we need to hek that property i and ii hold in G. G is
ltered and non empty thus ontains A. Let q be in G and f ∈ Ak, the ideal f−1q ontains q thus is in G.
Let us now prove the araterisation of Gabriel lters of nite type. Let G be a set of ideals verifying these four
properties. We have already proved that properties i and ii of the denition of Gabriel lter hold in G, let us prove
now it for iii. Let q be in G and q′ be suh that ∀f ∈k q, f−1q′ is in G. Then let I be the family of nite subets of
elements of q, i.e. of
∏
k∈C0 HomC(k, q), let qX denotes the ideal generated by a subset X of
∏
k∈C0 HomC(k, q). By
1.8, q ⋍ colimi∈Iqi. As G is nitely presented, there exists X suh that qX is in G.
The following diagram is ommutative:
A⊗ k τf // A
f−1(q′)⊗ k
OO
τf
// q′
iq′
OO
Thus, qX . ∩f∈X f−1q′ ⋍ ∪f∈XIm∩f∈Xf−1q′ (τf ) ⊂ q′. As G is losed under nite intersetions and nite produts, q′
is in G.

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Proposition 2.15. Let u : A → B be in Comm(C). If u is a formal Zariski open morphism then the Gabriel lter
assoiated to B is quasi-ompat.
Proof
Let q be in G and I be a ltered diagram suh that q ⋍ colimi∈Iqi. There is an isomorphism q ⊗A B ⋍ B hene
B ⋍ colimi∈I(qi ⊗A B). As B is nitely presented in A−mod, there exists i suh that this morphism fators through
qi ⊗A B. As u is at, qi ⊗A B ⋍ qi.B is an ideal of B. Finally, by lemma 1.10 qi ⊗A B ⋍ B, hene qi ∈ G.

Denition 2.16. Let A be a ommutative monoid and q be an ideal of A.
⊲ The Gabriel lter Gq is the smallest Gabriel lter of A ontaining q in the poset GabA. A Gabriel lter
generated by one ideal in this sense will be alled a primitive Gabriel lter.
⊲ The Gabriel lter Gq is dened by Gq = ∩f∈qGf in the poset GabA. A Gabriel lter generated by one ideal
in this sense will be alled a loally primitive Gabriel lter.
Remark 2.17. The set of prime ideals inluded in Gq is the set of prime ideals ontaining q.
Lemma 2.18. Let A be a ommutative monoid and q be an ideal of A of nite type. The Gabriel lter Gq onsists of
the set of ideals of A ontaining a power of q.
Proof
Let G be the set of ideals ontaining a power of q. By 2.14, it is a quasi-ompat Gabriel lter thus Gq ⊂ G. Moreover
its elements are obtained from q by produts and inlusions, therefore G ⊂ Gq. Finally G = Gq.

Corollary 2.19. Let A be a ommutative monoid and q an ideal of A
⋄ If F is a generating family of q then Gq = ∩f∈FGf .
⋄ If q = ∪i∈Iqi, then Gq = ∩i∈IGqi .
Proof
The proofs of these two properties are equivalent so let us prove the rst. There is a lear inlusion Gq ⊂ ∩f∈FGf .
Let p be an ideal in ∩f∈FGf . Let g be an element of q. Reall that (g) refers to the ideal generated by g. By 1.8,
there is an isomorphism
q ⋍ colimF ′⊂F, fini(∪f∈F ′qF ′)
As (g) is an ideal of nite type , the monomorphism (g)→ q fators through an objet qF ′ in the olimit. There is an
inlusion ∩f∈FGf ⊂ GqF ′ , thus p is in GqF ′ . As F ′ is nite GqF ′ = GqF ′ then p ontains a power of qF ′ . As g is an
element of qF ′ , p ontains a power of g. This is true for all g ∈ q, thus Gq = ∩f∈FGf .

Lemma 2.20. Let G and G′ be two loally prmitive (resp primitive) Gabriel lters generated respetively by q and
q′. Their union in the poset of loally primitive (resp primitive) Gabriel lters is the loally primitive (resp primitive)
Gabriel lter generated by q.q′. In partiular, the prime ideals ontained in the union are exatly the prime ideals
ontained in one of the two Gabriel lters.
Proof
In the primitive ase, Gq.q′ ontains G and G
′
and for any ideal p suh that Gp ontains G and G
′
, Gq.q′ is learly
inluded in Gp.
In the loally primitive ase, we write Gq ∪Gq′ = ∩f∈q,f ′∈q′Gf ∪Gf ′ = Gq ∪Gq′ = ∩f∈q,f ′∈q′Gf⊘f ′ = Gq.q′ .

3 Zariski Open Objets Classifation
3.1 Zariski Open subobjets
Ane Zariski Open subobjets
Lemma 3.1. Let A be a ommutaive monoid and spec(B), spec(B′) be two Zariski open subobjets of Spec(A). Then
spec(B ⊗A B′) is a Zariski open subobjet of Spec(A) and B ⊗A B′ −mod = B −mod ∩B′ −mod. The intersetion
is taken in the poset LocA.
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Proof
The loalizationsB−mod∩B′−mod and B⊗AB′−mod have learly the same objets hene are equivalent C-ategories.
The two left adjoint funtors are thus adjoint to the same forgetfull funtor, thus are isomorphi.

We give now a rst interresting result whih make a link between Gabriel lters and Zariski open subobjets.
Theorem 3.2. Finite overing theorem
Let A be a ommutative monoid and (Spec(Bi))i∈I be a nite family of Zariski open subobjets of Spec(A). This
family is a overing of the Zariski open subobjet spec(B) for the topology dened on Comm(C) (f [TV℄) if and only
if B −mod = ∪i∈I(Bi −mod), where the union is taken in the poset LocA.
We dene a funtor l : A−mod→ A−mod
l(M) := ker(
∏
i,jM ⊗A Bi ⊗B Bj
//
//
∏
iM ⊗A Bi )
This funtor ommutes with nite enrihed limits (all the monoids in the kernel are C-at). It also veries, for all
M ∈ A−mod and all i, l(M)⊗A Bi ⋍ l(M ⊗A Bi) by atness of Bi.
Let us prove rst that l is isomorphi to identity on the ategorie Bi−mod for all i. Let M be in Bi−mod, there
is a unique monomorphism M → l(M) equilizing the two arrows of the kernel, indued by the natural morphisms
M →M ⊗A Bi ⊗A Bj . Furthermore
l(M)→ ∏j∈IM ⊗A Bj →M ⊗A Bi ⋍M
Thus the omposition onM is the identity and the omposition on l(M) is the unique endomorphism of l(M) equalizing
the two arrows of the kernel hene is identity. Finally M ⋍ l(M).
Let us now verify that l2 = l. For all M ∈ A−mod
l2(M) ⋍ Ker(
∏
i,j l(M)⊗A Bi ⊗A Bj
//
//
∏
i l(M)⊗A Bi )
And for all i
l(M)⊗A Bi ⋍ l(M ⊗A Bi) ⋍M ⊗A Bi
Thus l2(M) is isomorphi to l(M).
We prove then that the ategory L dened as the essential image of l is a loalization. First, we prove that l is
the left adjoint of the forgetfull funtor. The unit of the adjuntion is
M → l(M)
The ounit of the adjuntion, for N ⋍ l(M) in the essential image of l, is the isomorphism
l(N) ⋍ N
The triangular identities for the unit and the ounit are obtained from the triangular identities of the unit and the
ounit of the adjuntions between forgetfull funtors and funtors −⊗A Bi.
Finally, L is a loalization with left adjoint funtor l. It ontains all the Bi −mod and thus their union in LocA.
It is by denition ontained in B −mod.
Let us now prove the nite overing theorem. If B −mod = ∪i∈I(Bi −mod), then ∪i(Bi −mod) ⊂ L ⊂ B −mod
and ∪i(Bi −mod) = B −mod, thus L = B −mod. For all M ∈ B −mod, there is an isomorphism M ⋍ l(M), whih
proves that the funtor B −mod→∏iBi −mod reets isomorphisms.
Reiproally, if the family of funtors −⊗A Bi reets isomorphisms. For M ∈ B −mod,
l(M)⊗A Bi ⋍ l(M ⊗A Bi) ⋍M ⊗A Bi
Thus l(M) ⋍M and B −mod = L.

Proposition 3.3. Let A be a ommutative monoid and Y := spec(B) be an ane Zariski open subobjet of X :=
Spec(A), then the Gabriel lter assoiated to B is primitive and generated by an ideal of nite type.
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Proof
We write GB = ∪q∈Gft
B
Gq in GabA, where G
ft
B is the set of ideals of nite type in GB , and thus LB = ∩q∈Gft
B
Lq in
LocA. In partiular −⊗AB ⋍ Colim(lq) where the funtors lq are the left adjoints for the loalizations Lq. As B is a
nitely presentable A-algebra, the isomorphism B ⋍ colim(lq(A)) fators through a lq(A). Therefore lq(A) ∈ B−mod,
and as all funtors lq are isomorphi to identity on B −mod, we obtain for all q′ ∈ GB that lq′ ◦ lq(A) ⋍ lq(A), hene
B⊗A lq(A) ⋍ colimq′(lq′ ◦ lq(A)) ⋍ lq(A). As there is a funtorial isomorphism (B⊗A−) ◦ lq ⋍ (B⊗A−), B ⋍ lq(A).
Last but not least, let us prove that Lq is a loalization of B−mod. The funtor lq is left C-adjoint thus ommutes
with C-olimits. In partiular, for all X ∈ C and Y ∈ A − mod, X ⊗ Y ∈ A − mod and lq(X ⊗ Y ) = X ⊗ lq(Y ).
Moreover, if X,Y are two A-modules,
X ⊗A Y := coker( X ⊗A⊗ Y //// X ⊗ Y )
Thus
lq(X ⊗A Y ) ⋍ X ⊗A lq(Y )
And the funtor lq makes a A-module M into a lq(A)-module (hene a B-module) lq(M). Finally GB = Gq, i.e. GB
is primitive and generated by an ideal of nite type.

Zariski Open subobjets
Denition 3.4. Let A be a ommutative monoid in C and F be a Zariski open subobjet of Spec(A). There exists
a family of ane Zariski open subobjets (Spec(Bi))i∈I of Spec(A) suh that F is the image of
∐
i∈I Spec(Bi) →
Spec(A). The Gabriel lter assoiated to F is GF := ∩i∈IGBi .
Lemma 3.5. This denition does not depend on the hoie of the overing of F .
Proof
If (Spec(Bi))i∈I and (Spec(Cj))j∈J are two overings, dene Di,j := Bi
∐
A Cj . The family (Spec(Di,j))(i,j)∈I×J is
also a overing and eah Spec(Bi) (resp Spec(Cj)) is overed by (Spec(Di,j))j∈J resp ((Spec(Di,j))i∈I) and nally
∩i∈IGBi = ∩i,j∈I×JGDi,j = ∩j∈JGCj .

Theorem 3.6. Let A be a ommutative monoid in C and F be a Zariski open subobjet of Spec(A). The Gabriel lter
assoited to F is loally primitive.
Proof
The sheme F is overed by a family Spec(Bi)i∈I . Let qi be the ideal of nite type generating the Gabriel lter Gqi
assoiated to Bi. As the qi are of nite type GF = ∩i∈IGqi = ∩i∈IGqi . Thus GF = G∪i∈Iqi .

3.2 Zariski Open subobjets in Strong Relative Contexts
We assume in this setion that the relative ontext C is strong, i.e. that the funtor (−)0 reets isomorphisms. By
1.8, this implies that, for any objet X , the set X0 is a generating family.
Ane Zariski Open subobjets
Theorem 3.7. Let A be a ommutative monoid in C, any Zariski ane open subobjet Y := Spec(B) of X := Spec(A)
has a nite overing by objets spec(Af ).
Proof
The Gabriel lter GB assoiated to B is primitive and generated by an ideal q of nite type. Therefore, as C is strong,
there exists a generating nite family of elements of q0 in q. We write GB = Gq = ∩f∈FGf . As F is nite, 3.2 implies
that (Spec(Af ))f∈F is a overing of Spec(B).

Theorem 3.8. Covering theorem
Let A be a ommutative monoid and (Spec(Bi))i∈I be a family of Zariski open subobjets of Spec(A). Then this family
is a overing of the Zariski open subobjet spec(B) for the topology dened on Comm(C) (f [TV℄) if and only if
B −mod = ∪i∈IBi −mod in the poset LocA.
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Proof
Assume that B −mod = ∪i∈IBi −mod. We have Gq := GB = ∩i∈IGqi where Gqi := GBi . The ideal q is the union of
the qi, by 1.8 q is isomorphi to the ltered olimit colimJ fini⊂I ∪j∈J qj . As it is of nite type, there exists J suh
that this isomorphism fators through q → ∪j∈Jqj . The morphism ∪j∈Jqj → q is then a monomorphism and a split
epimorphism hene an isomorphism. By 3.2 the family (Spec(Bj))j∈J is a overing of Spec(B) thus so is the family
(Spec(Bi))i∈I .
Reiproally, if the family (Spec(Bi))i∈I is a overing of Spec(B), it has a nite overing sub-family (Spec(Bj))j∈J
and by 3.2 B −mod = ∪j∈JBj −mod. As ∪j∈JBj −mod ⊂ ∪i∈IBi −mod ⊂ B −mod, we have also ∪i∈IBi −mod =
B −mod.

Zariski Open subobjets Classiation
Theorem 3.9. Let A be a ommutative monoid. There is a (ontravarient) bijetion between the poset of Zariski
open subobjet of X := Spec(A), denoted Ouv(X) and the poset of loally primitive Gabriel lters of A, denoted
lp(A). Moreover a Zariski open subobjet of Spec(A) is quasi-ompat if and only if its assoiated Gabriel lter is
quasi-ompat (and primitive).
Proof
By 3.6, there is a morphism in sets from Ouv(A) to lp(A). We prove rst that this morphism is a ontravarient
morphism of posets. Let F ⊂ F ′ be two Zariski open subobjets of X , and (Spec(Cj))j∈J ,(Spec(Bi))i∈I be respetively
overings of F ′ and F . Let q, (resp qj , qi) be the ideal generating the Gabriel lter assoiated to F (resp Cj , Bi). The
sheme F is overed by the family (Spec(Bi ⊗A Cj))i,j∈I×J . Thus GF = ∩j∈J ∩i∈I Gqi.qj = ∩j∈JGq.qj ⊃ ∩j∈JGqj =
GF ′ .
Let us prove the surjetivity. Let Gq be a loally primitive Gabriel lter. As C is strong, Gq = ∩f∈q0Gf . The
Gabriel lter assoiated to the Zariski open subobjet of X dened as the image of
∐
f∈q0 Spec(Af )→ A is Gq.
Let us prove the injetivity. Let F , F ′ be two Zariski open subobjets of X with the same assoiated Gabriel lter.
Let (Spec(Af)f∈J and (Spec(Af ))f∈J′ be respetively overings of F and F ′. If q and q′ are the ideals generated by
J and J ′, Gq = GF = GF ′ = Gq
′
. For all f ∈ q0, there exists n suh that fn ∈ q′. As Afn ⋍ Af any ane Zariski
open subobjet Af from the overing family of F is a Zariski open subobjet of F
′
. Therefore F is a Zariksi open
subobjet of F ′. As the roles of F and F ′ are symmetri, F ⋍ F ′.
Finally, if Gq is a quasi-ompat loally primitive Gabriel lter, it is primitive as Gq = Gq. Moreover we an write
it as a nite intersetion of lters Gf and its assoiated Zariski open subobjet is overed by a nite family Spec(Af)
thus is quasi-ompat.

Remark 3.10. The poset lp(A) is a oloale. It is the oloale of the losed subsets of the the Zariski topologial spae
assoiated to Spec(A).
Lemma 3.11. Let A be in Comm(C).
⊲ A loally primitve Gabriel lter of A is irreduible if and only if it has a unique prime representant.
⊲ Two irreduible loally primitive Gabriel lter are equals if and only if they have the same subsets of prime
ideals.
⊲ Two loally primitive Gabriel lters are equals if and only if thet have the same subsets of prime ideals.
Proof
- Let Gq be an irreduible loally primitive Gabriel lter. The radial
√
q of q (the intersetion of the prime ideals
ontaining q) represents the same loally primitive Gabriel lter and is prime. Indeed q ⊂ √q anq q ontains
a power of any element of
√
q. If
√
q ⋍ q′.q′′, q′ and q′′ ontains
√
q and as G
√
q
is irreduible,
√
q ontains a
power of any element of one of these two ideals, for exemple q′. Then, by denition of the radial of an ideal√
q ontains q′ and thus
√
q = q′. This proves the existene of a prime representant, the uniity is provided by
2.20.
- Two irreduible loally primitive Gabriel lters whih have the same prime ideals are generated by the same
prime ideal thus are equal.
- Let Gq, Gq
′
be two loally primitive Gabriel lters. We write them as unions of irreduibles ones Gq = ∪i∈IGpi
and Gq
′
= ∪j∈JGpj . For all i, there exists j suh that pj ⊂ pi hene Gpi ⊂ Gpj . Therefore Gq ⊂ Gq′ . As the
roles are symmetri, There is equality.
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Denition 3.12. The Zariski topologial spae assoiated to X := spec(A), denoted Lp(A) is the topologial spae
whose points are prime ideals of A and in whih a losed subset is the set of prime ideals ontained in a loally primite
Gabriel lter.
Theorem 3.13. Let A be a ommutative monoid. The Zariski topologial spae Lp(A) assoiated to A is sober and
its assoiated loale is Ouv(Spec(A)).
Proof
By 3.11 and 3.9.
3.3 Exemples of Contexts
Proposition 3.14. Let A be a ring. There is an homeomorphism between the Zariski topologial spae Lp(A) and the
underlaying Zariski topologial spae of Spec(A).
Proof
By onstrution.

Proposition 3.15. Let A be a dierential ring. There is an homeomorphism between the Zariski topologial spae
Lp(A) and the underlaying Zariski topologial spae of Spec(A) (given in [Kap℄).
Proof
By onstrution.

Proposition 3.16. Let A be a monoid in set. There is an homeomorphism between the Zariski topologial spae
Lp(A) and the underlaying Zariski topologial spae of Spec(A) (dened in [D℄).
Proof:
The Zariski topologial spae onstruted in [D℄ is isomorphi to Lp(A).

Appendix - Enrihed Category Theory
See [K℄,[KD℄ and [H℄ for more details. Let C be a relative ontext. We will onsider enrihed ategories over C, refered
to as C − categories. Any usual notion will have its enrihed equivalent refered to as the C − notion, for example
C− limit, C− colimit... There is an underlying ategory funtor. To an enrihed ategory, is assoiated the ategory
whose objets are the same and morphisms between objets proed from the underlying set funtor HomC(1,−).
Denition 4.1. i. A C − category B onsists of a olletion of objets ob(B), for any two objets (X,Y ), of an
objet HomB(X,Y ) ∈ C and of a omposition law:
MX,Y,Z : HomB(Y, Z)⊗HomB(X,Y )→ HomB(X,Z)
suh that the appropriate ommutative diagrams ommute.
ii. A C − functor F : B → B′ onsists of, for eah objet X in B, an objet F (X) in B′, and for eah ouple of
objets (X,Y ), a morphism:
HomB(X,Y )
FX,Y // HomB′(X,Y )
suh that the appropriate diagrams ommute.
iii. An equivalene of C − category onsist of a C − functor C-fully faithfull suh that its underlying funtor is
essentially surjetive.
Denition 4.2. i. Let B be a C− category, K a small C-ategory, and F : K→ C and G : K→ B two C-funtors.
Then, if the funtor Bop → C:
B → HomCK(F,HomB(B,G−))
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is represented by an objet limF (G), G has a C− limit indexed by F .
ii. Let B be a C− category, K a small C-ategory, and F : Kop → C and G : K → B two C-funtors. Then, if the
funtor B→ C:
B → HomCKop (F,HomB(G−, B))
is represented by an objet colimF (G), G has a C − colimit indexed by F .
iii. A C− category is nite if and only if its olletion of objets is a nite set and for eah ouple of objets (X,Y ),
the objet Hom(X,Y ) is nitely presented in C.
iv. A C − limit is nite if and only if it is indexed by a funtor F : K → C0 from a nite C − category K to the
generating subategory of C onsisting of nitely presented objets.
For tensored and otensored (exponential objets exists) C-ategory , the enrihed limit of G along F is in fat the
end of GF and the enrihed olimit is the oend of F ⊗G. Relative ontexts are tensored and otensored self enrihed
ategories.
Proposition 4.3. (f [K℄, 3.10)
A C−Category B is C−complete if and only if it is Complete and otensored. Furthermore, B has all nite C− limits
if and only if it all nite limits and all exponential objets XY , Y nitely presented in C, are representable in C. In
partiular, a funtor F is left C− exact if and only if it is left exat and ommutes with exponential objets XY (i.e.
F (XY ) ⋍ F (X)Y ), Y nitely presented in C.
Corollary 4.4. Let A be in Comm(C), then ltered olimits are C− exact in A−mod.
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